Abstract-Electrostatic comb drives are widely used in microelectromechanical devices. These comb drives often employ rectangular fingers which produce a stable, constant force output as they engage. This paper explores the use of shapes other than the common rectangular fingers. Such shaped comb fingers allow customized force-displacement response for a variety of applications. In order to simplify analysis and design of shaped fingers, a simple model is developed to predict the force generated by shaped comb fingers. This model is tested using numerical simulation on several different sample shaped comb designs. Finally, the model is further tested, and the use of shaped comb fingers is demonstrated, through the design, fabrication, and testing of tunable resonators which allow both up and down shifts of the resonant frequency. The simulation and testing results demonstrate the usefulness and accuracy of the simple model. Finally, other applications for shaped comb fingers are described, including tunable sensors, low-voltage actuators, multistable actuators, or actuators with linear voltagedisplacement behavior.
output over a wide range of displacement, and they allow capacitance to vary linearly with engagement-a valuable tool in the design of many sensors and actuators. However, many applications exist for comb fingers which are not rectangular. Such fingers would allow tailoring of electromechanical response for a wide variety of applications. Specifically, in this paper, we demonstrate shaped comb finger designs with linear force-deflection profiles. This linear relationship partially compensates for the mechanical restoring force due to the action of the suspension spring, effectively weakening or stiffening the spring. A tunable resonator, with resonant frequency depending on dc voltage, results.
Several previous researchers have investigated various comb shapes. Hirano et al. [7] reported techniques for fabricating fingers which could dramatically reduce the separation gap after only a short motion. These fingers were designed for maximum possible force output at a nearly constant rate. Rosa et al. [8] continued this search for high-force actuators by designing and testing actuators with angled comb fingers. Ye et al. [9] studied directly the force-deflection behavior of a number of finger designs using a two-dimensional numeric electrostatic solution. They reported designs with linear, quadratic, and cubic force-engagement behavior. Ye and Mukherjee [10] extended this work by fabricating a shaped-finger comb drive; however, the lithographic resolution used in fabrication was not great; and the results proved inconclusive.
The objective of this paper is to further facilitate shaped comb finger design by introducing a simple analytical model to predict force-displacement behavior for an arbitrary finger shape. This model is validated by comparing it to three-dimensional modeling of several comb finger shapes. Further validation is carried out by using the simple model to design two further comb shapes to produce highly linear force-displacement behavior. These comb shapes allow voltage-controlled tuning of resonant frequency. These finger shapes were fabricated and tested by comparing resonant frequency measurements to predicted frequency shifts for tunable resonators. Finally, with model validation complete, further applications of shaped comb fingers are postulated.
II. COMB FINGER ANALYTICAL MODELING
A comb-drive actuator consists of moving and fixed conductive fingers. Bias voltage is applied across the fingers, generating electrostatic force. The magnitude of the force depends on the applied voltage as well as the geometry of the fingers. For rectangular comb fingers, the geometry results in a constant gap between fixed and moving fingers as they engage. However, shaped fingers represent a way to vary the gap between the fingers. In order to find the relationship between force and gap profiles, a simple model is developed using the shaped fingers illustrated in Fig. 1 . In the modeling, and represent the finger profiles of the moving and stationary fingers, respectively. Each function is assumed to be defined on the domain , where is the length of the fingers. Motion of the moving finger is represented by , the finger engagement, as illustrated in the figure. The force between the fingers is represented as (1) where is the electrostatic force, is the stored energy between conductor plates, is the applied bias, is the capacitance between fingers, and is the relative engagement between the moving and fixed fingers, as illustrated in Fig. 1 . Therefore, we can determine generated electrostatic force by calculating change in capacitance as the moving finger engages the fixed fingers. Using the parallel-plate approximation illustrated in the figure gives (2) where is the out-of-plane thickness of the fingers and is the permittivity of free space. This equation assumes that the electrodes are substantially parallel to one another, allowing capacitance to be determined by integrating the parallel-plate formula. Hence, (2) does not apply well to piece-wise continuous functions, which have discontinuities for which (2) does not adequately predict capacitance. The factor of 2 arises because the capacitance is the same on both sides of the finger for a symmetrical finger shape. Furthermore, if one of the fingers is rectangular, capacitance can be approximated as (3) where is the gap profile between fingers. For example, if the moving finger is rectangular, then , where is a constant, and . Substitution of (3) into (1) gives (4) This is the simple model used in this paper to predict the resulting force profile of different comb shapes. Its simplicity lies in its prediction that the force acting on a shaped comb finger is simply proportional to the reciprocal of the function defining the finger shape. As stated, (4) is valid only if either the fixed or the moving finger is rectangular. For designs with both moving and fixed fingers shaped, a numerical solution is generally required, although analytical solutions are still possible for some geometries. Note also that if is a constant finger gap, (4) reduces to the well-known equation for force generated by a rectangular comb finger.
III. NUMERICAL MODELING
To test the simple model developed in the preceding section, seven finger designs were modeled using the boundary element or moment method. Top views of each of the seven different designs are included in Fig. 2 . Equations describing the fixed and moving finger profiles are presented in Table I . Finger design 7 is not well explained in this table because it is not described by a simple equation; rather, it is a sawtooth design with tooth pitch of 3 m and height of 2 m for both the moving and fixed fin- gers. The fingers for design 7 are arranged so that the minimum gap between them as they engage is 1 m. This finger design tests the accuracy of the model when applied to discontinuous functions.
The first comb finger design is the simple rectangular comb finger with a constant gap of 1 m. This design was chosen to verify that a constant force relationship resulted. The next four finger designs, number 2, 3, 4, and 5, were derived from the earlier work by Ye et al. [9] . They reported that designs 2 and 4 showed linear force-engagement behavior, while designs 3 and 5 were cubic. We studied these finger designs to allow a comparison with the previous work. Unfortunately, however, the description of the comb finger designs in the cited work were not clear enough to exactly duplicate either their finger designs or their results; however, the general trend in the results was examined. Finger design 6 was proposed by us to give a higher force output and slope of the linear trend than the earlier designs. Finally, we investigated design 7 to test the model's application to discontinuous functions, as previously stated.
Each finger design was modeled using a boundary element model (BEM) in CoventorWare, formerly known as MEMCAD.
The BEM simulated the capacitance of the fingers. By offsetting the mesh of the moving finger by a small amount, the derivative of capacitance with respect to engagement was estimated using the central difference equation (using a mesh offset of 0.01 m on either side of the desired engagement). Electrostatic force was then calculated using (1). Out-of-plane thickness of all of the fingers was 4 m, and the length of fixed and moving fingers was 30 m for all designs. In addition, the thickness of the sacrificial layer, which determines the height of the fingers above the substrate, was 2.5 m. Fig. 4 shows an isotropic view of the rectangular comb fingers used in this study. All of the simulations were performed at 1.0 V. However, it is assumed that the force output on the fingers acts as the voltage squared, so that the results may be generalized to any applied bias.
Before modeling each of the seven comb fingers, we performed a simple mesh refinement study. The boundary element mesh consisted of triangular elements covering the surface of the fingers and the substrate. The mesh was automatically generated using CoventorWare's tools. The rectangular comb fingers were simulated using a wide variety of mesh parameters, which produced a large range in the number of elements in each mesh. The electrostatic force acting on the moving finger was simulated for each mesh. Fig. 3 shows the percent difference in the predicted force compared to that predicted by the finest mesh (51,246 elements). Based on these results, the meshing parameters were chosen to match those used to generate the circled data point. This point offered a reasonable trade-off in terms of accuracy (1.1% difference) and simulation time. Each of the other finger designs was meshed using these same parameters. We assume that these parameters will perform well for the other finger shapes because their size is similar to that of the rectangular finger.
Finally, several simulations were completed to compare the force acting on one finger to that acting on a bank of comb fingers. Banks of one, two, three, four, six, and ten rectangular comb fingers were simulated. The force predicted by the simulation remained within 0.2% of the force predicted by multiplying the single-finger result with the number of fingers. Therefore, we conclude that the simulation of one finger may be generalized to a bank of any number of fingers. Fig. 4 shows the simulation results and simple model for design 1, the rectangular comb fingers. For the simple model, the thickness used was 15% larger than the nominal thickness (4 m) to account for fringing fields. This fringing field correction is predicted by the approximate solution for fields around rectangular comb fingers derived in a previous work [11] . As expected, the boundary element simulation predicts a nearly constant force output over the range of engagement. The simple model predicts a constant force of 40.7 pN, which lies just above the majority of the numerical data. The mean force predicted by the numerical simulation is 39.8 pN, a difference of 2.3% from the analytical model. These results show that the data trend predicted by BEM matches the analytical equation well, with both predicting constant force at nearly the same magnitude.
A. Modeling Results
Graphs showing the response for each design are plotted in Fig. 5 . In these graphs, the results from the simple model accompany the BEM data. For all designs, the simple model assumed 10% additional thickness to account for fringing fields. While the previous study [11] does not calculate force on a curved finger, a 10% correction factor is a fairly representative value based on the equations derived in [11] . To find this representative value, we evaluated fingers of height 4 m, width 2-4 m, gap 0.5-10 m, and separation from the substrate 2.5 m. For finger designs 1, 2, 3, and 6, (4) was used to calculate the simple model curve. For design 7, we solved (2) and substituted the results into (1) to create the simple model prediction. However, for designs 4 and 5, the relationships of the two shaped fingers moving with respect to each other make derivation of an analytical equation tedious. Instead, a solution was used which numerically integrated (2) and substituted the results into (1).
The results for all finger shapes show that the BEM results follow the trend of the simple model, and the values are nearly the same for most designs. Hence, the numerical modeling results give confidence in the use of the simple model. Based on these results, we proceed to apply the simple model to design.
IV. SHAPED FINGER DESIGN IN A TUNABLE RESONATOR
As an example application of shaped comb fingers, we have designed and tested tunable micromechanical resonators using shaped fingers to achieve a resonance shift. Equation (4) allows finger shapes to be designed to give very linear forcedisplacement behavior over a wide range of displacement, as seen in finger shape 6. This linear response allows such fingers to be used in tunable resonators. Previously, researchers have demonstrated frequency tuning of mechanical resonators using a variety of techniques, including postprocessing deposition of material [12] , postprocessing annealing [13] , stiffness variation using thermal stress [14] , [15] , and a variety of electrostatic techniques [16] - [18] . Note that the first two methods cause a permanent resonant frequency shift, while methods based on thermal stress or electrostatic effects allow a dynamically variable resonant frequency shift. Any of these techniques allow correction of frequency shifts due to process variation; the dynamic techniques further allow correction of frequency shifts due to temperature change [16] , [19] . Frequency tuning has also been employed to allow matching of the drive and sense modes in gyroscopes based on the Coriolis effect [5] , and electrostatic stiffness tuning has been demonstrated to improve the resolu- tion of a MEMS accelerometer [20] . Using shaped fingers, it is possible to dynamically tune resonant frequency over a large range. Large tuning ranges may allow tunable resonant sensors with active frequency control to improve sensor resolution or bandwidth, as well as tunable micromechanical filters with controllable center frequency.
A tunable resonator is created using shaped comb fingers by modifying a standard comb resonator to include one or more banks of shaped comb electrodes whose potential can be controlled independently of the drive and sense electrodes. The shaped comb finger banks are designed to give a linear force-displacement response under constant bias. Hence, assuming the resonator remains within the range of linear behavior, the shaped comb fingers act as a linear electrostatic "spring" which either stiffens or weakens the total spring constant for the system. For example, the sample layout shown in Fig. 6 includes two balanced sets of tuning fingers. By balancing tuning banks in this way, the shaped fingers exert no net force on the resonator under zero displacement.
Resonant frequency is given approximately by (5) where is resonant frequency, is the total spring constant, and is the resonator mass. is simply the sum of the mechanical spring constant and the electrostatic spring constant . For a bank of shaped comb fingers with dc voltage acting across the fingers, is simply , where describes the slope of the force-displacement line for one finger at a potential of one volt.
is defined as positive for a shape which causes weakening of the effective spring constant. Thus, the tuned resonant frequency is given by (6) giving a resonant frequency shift of (7) where is the untuned resonant frequency (for the case when ). Two different comb finger shapes were designed and tested in tunable resonators. A model of each finger shape is shown in Fig. 7 . The first finger shape effectively weakens the spring, while the second stiffens it. These fingers were designed for fabrication in Sandia National Laboratories' SUMMiT micromachining process [21] . The two layers shown in the figure represent two of the layers available for micromachining. By stacking comb fingers in this way, the overall force output of each finger is considerably increased due to the action of fringing fields between the layered fingers. The lower layer is 2.5 m thick, the upper layer is 2.25 m thick, and they are separated by a space of 2 m. The separation between the substrate and the first layer is also 2 m. The equation describing each finger shape is given in the figure. Because one finger in each case is rectangular, , the gap between the fingers, is defined.
Using CoventorWare, the force acting on each of the moving fingers as a function of finger engagement was simulated. The results of each simulation are compared to the prediction of the analytical model in Fig. 8 . In these graphs, the thickness from (4) was assumed to be 6 m. While the previous work [11] does not apply to such double-layered fingers, the authors' experience has shown that this is an accurate way to model the equivalent thickness of the stacked comb finger structure, including fringing fields. For each finger, the analytical model shows good agreement with the numerical results, and the slope of the response remains nearly constant over a wide range of finger engagement. This is important in maintaining linearity during resonator operation. 
V. FABRICATION AND TESTING
Tunable resonators incorporating the shaped fingers shown in Fig. 7 were fabricated at Sandia National Laboratories using the SUMMiT polysilicon micromachining process. In this process, the effective mask resolution is 50 nm, which allows very accurate reproduction of the function shape desired. The shaped fingers were drawn by approximating the function by a series of line segments, with the maximum error between any line segment and the desired function being 1 nm. Approximate process bias of 15 nm was accounted for by offsetting the desired function shape, though the larger mask resolution probably obscures this small offset. The tunable resonators were designed for demonstration and validation rather than any particular application. The untuned resonant frequency of the devices as designed was predicted to be about 4.3 kHz.
Released resonators were tested using the "blur envelope" technique. As the amplitude of resonator motion changes with frequency, it can be seen under a microscope as a blurring of the resonator. At large amplitude, such as occurs near resonance, the total size of the blur envelope becomes quite large, allowing simple determination of resonant frequency. In this way, the resonant frequency of the resonators was measured for varying values of the dc tuning voltage. The dc tuning voltage was supplied by a high-voltage power supply, and a function generator was used for the actuation signal, which was a sine wave with up to 10 V amplitude and up to 10 V dc offset. The amplitude and offset of the signal were decreased for high tuning voltage of the weakening resonator to keep the resonant amplitude within the usable range. The maximum amplitude of resonator vibration varied as the effective stiffness changed, but it remained below 10 m for all tests, so that it was well within the predicted linear range of the tuning fingers.
The experimental results are shown in Fig. 9 for the weakening resonator, along with a SEM image of the weakening fingers. Fig. 10 shows the results for the stiffening resonator. In the SEM images, the finger shapes are quite smooth, so that the mask resolution seems sufficient in faithfully representing the desired functions.
As desired, the resonant frequency of each device shifts with tuning voltage. For the weakening resonator, tuning from 4.2 kHz to near 0 kHz is possible. When the resonant frequency is very low, the large voltage on the tuning fingers creates high transverse forces, causing the tuning fingers to crash together and vaporize. Thus, the lowest stable resonant frequency actually measured was 165 Hz at a tuning voltage of 79.1 V. For the stiffening resonator, the tuning range was 4.2 kHz to 5.3 kHz. Again, the high voltage on the tuning fingers at high resonant frequencies causes the tuning fingers to crash and vaporize. 5.3 kHz (at 90.2 V) was the largest stable resonant frequency measured. Note also that most other frequency tuning methods allow only a downward shift in resonant frequency, while the use of shaped comb fingers allows either up or down frequency shifts.
The results for the weakening finger follow the predictions of the analytical model well, indicating that the simple model is appropriate for use in design. However, the stiffening resonator results show less tuning capability than predicted, though the difference is not large. The error in the analytical model is never more than 5.1% over the whole tuning range of the stiffening device.
For some applications, the stiffness change during tuning is more important than the frequency shift. Fig. 11 shows the resonator stiffness calculated from the simple model and from the experimental data using (5) . Therefore, the experimental results show that the simple analytical model performs well. Because of its simplicity, it is very easy to use for both design and analysis of shaped fingers. Moreover, for the tuning devices studied here, it retains approx- imately as much accuracy as more time-consuming numerical solutions.
VI. CONCLUSION
This paper has developed and validated a simple analytical model for shaped comb fingers. The model was compared to the predictions of a numerical simulation for several comb shapes, and then used in the design of two tunable resonators-in which the resonant frequency was shifted either downwards (the weakening case) or upwards (the stiffening case). Testing of the tunable resonators showed that the simple model predicted their behavior well, with both up and down frequency shifts being possible over a wide range. Another advantage of using shaped fingers for tuning is that the amplitude of the resonator is not limited to very small vibrations, with tuning possible as long as the vibration amplitude is less than the length of the engaged section of the fingers.
While this paper demonstrated the frequency tuning of resonators, shaped comb fingers could be used in a wide variety of applications involving tailored force-deflection response. For example, shaped fingers could be used to create linear voltagedisplacement behavior for an actuator, so that the control system for the actuator could be simplified. An actuator could also be designed which uses shaped comb fingers to create multiple stable positions in its motion. Fingers with a linear response, like those demonstrated in this paper, could also be used to decrease the effective stiffness of an actuator carrying a load, which would reduce both the time-varying voltage component and the power dissipation for the actuator. Linear forcedisplacement fingers could also allow in-plane parametric resonators, which have been suggested for use in high-resolution mass sensors [22] . Shaped fingers also allow the design of accelerometers which could operate at a wide range of spring stiffness. High stiffness would allow low-resolution operation with high bandwidth, while low stiffness would be useful for high-resolution operation with reduced bandwidth. The ability to use the same accelerometer package for such a wide variety of measurements could decrease fabrication costs by reducing the need for design and manufacture of multiple sensors.
ACKNOWLEDGMENT
The assistance of M. Yu in gathering experimental data is gratefully acknowledged. The staff of the Microelectronics Development Laboratory at Sandia National Laboratories are also gratefully acknowledged for their fabrication work.
